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Abstract

We develop a new estimator for impulse response functions in structural factor models
with the use of external instruments. In contrast to a traditional structural vector autore-
gression (SVAR), the use of a factor structure naturally deals with the non-fundamentalness
and singularity issues that plague SVARs. Additionally, our generalized method of moments
approach naturally allows for the joint use of multiple instruments to sharpen inference, an
overidentification test for the joint validity of instruments, and an automatic moment selection
procedure to select the correct instruments. Simulation results show the improvement in the
estimation accuracy of impulse response functions when more than one valid instrument is
used, and confirm the size and consistency of theory. We apply the proposed methodology to
estimate the effects of a monetary policy shock using a U.S. macroeconomic dataset with the
use of popular monetary policy instruments. The results show these monetary policy instru-
ments are all jointly valid, and that their joint use can result in more accurate and reasonable

estimates of the impulse response functions.
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1 Introduction

Since the seminal paper of Sims (1980), structural vector autoregressive (SVAR) models have re-
mained a popular and indispensable tool for identifying and estimating the effects of macroeconomic
shocks. A wide literature on SVAR modelling now exists (see the survery by Kilian and Liitkepohl,
2017), which has documented three challenging limitations that can preclude practitioners from
estimating the true impulse responses to structural shocks. First; SVAR models often suffer from
nonfundamentalness due to their inherent inability to include large information sets in a small
equation system. Indeed, policymakers have access to information sets which span over literally
hundreds of variables, and it is thus extremely difficult for the included variables in an SVAR sys-
tem to span the space spanned by the true structural shocks, (Sims, 1992; Bernanke et al., 2005).
Second, economic theory often implies the SVAR system specified is singular; that is, the number
of variables included are driven by a smaller number of structural shocks. This point is often over-
looked in the literature, as the number of structural shocks is usually implicitly set to be the same
number of variables included as part of the specification. Third, the validity of the identification
strategy required for an SVAR may be difficult to formally test for, in addition to each strategy
typically requiring the development of a specific estimation—and therefore asymptotic theory—for
inferential results. This latter point is particularly important, as this means that strategies such as
the inclusion of factors (as in the case of a factor-augmented vector autoregression model) require
the careful adaptation of existing theory in order to deal with nuisance parameters.

Ideally, practitioners would employ an estimation framework that addresses all three limitations
in a holistic way, as any one of these precludes the ability to recover the true impulse responses.
Instead however, these limitations have been typically dealt with in distinct, complex, and often-
times opposing ways. For example, nonfundamentalness is typically addressed by including more
variables that need to be justified to represent theoretical constructs (such as using GDP to repre-
sent “economic activity”), or factors estimated from a large dataset in a factor-augmented vector
autoregression (FAVAR), (e.g. Bernanke et al., 2005). However, as noted earlier, macroeconomic
theory often implies that a small number structural shocks drive a large number of variables, (e.g.

Sargent and Sims, 1977; Geweke, 1977) but including more variables therefore increases the chance



on the specified system being singular. This problem is not even resolved by the FAVAR model.
As we will show, most FAVARs do not effectively distinguish between the so-called dynamic factors
and the static factors (i.e. the stacked lags of dynamic factors) whose dimension is typically larger.
This directly implies that the static factors, and therefore the FAVAR system, are necessarily sin-
gular, which requires special treatment, often in the form of an additional dimensional reduction
step, (e.g. Chan et al., 2020). Indeed, the direct augmentation of factors to a typical SVAR system
has been noted by Stock and Watson (2005) to be inconsistent with the primitives of the dynamic
factor model (DFM) used to compute factors in the first place, and it is therefore unclear whether
this could produce a compelling basis for structural identification at all. Furthermore, these issues
are compounded with the often wide, yet controversial, choices of identification strategies available
to practitioners. Examples include short-run/long-run exclusion restrictions, sign restrictions, and
identification via heteroskedasticity, (Stock and Watson, 2016). Among these, however, the method
of using external instruments (or proxies) has increasingly gained popularity for their parsimonious
set of identifying assumptions and ability to incorporate further external information into models.
However, formal extensions of external instruments to a data-rich environment generally remain
rare, and still suffer from limitations.

Our contribution to the literature is to provide a framework that addresses these three challeng-
ing limitations in a holistic approach. To do so, we propose the use of a structural factor model
(SFM) which naturally deals with the problems of nonfundamentalness and covariance singularity,
in conjunction with the use of multiple external instruments, which naturally allow for testing and
selecting valid identifying restrictions. The SFMs we work with were introduced by Stock and
Watson (2005), who were inspired by their success in macroeconomic forecasting. Unlike FAVAR
models, SFMs are directly formulated from the factor structure and aim to combine the attractive
features of large dimensional factor models and existing identification strategies employed in SVARs.
Since their introduction, they have received increasing attention in the literature for their ability
to estimate more reasonable and efficient impulse responses, which have been argued to be a direct
consequence of their ability to parsimoniously summarise large information sets - something that
is generally impossible or difficult to do within a standard SVAR framework. Similar to FAVAR

models, the factor structure in an SFM implies the appearance of many extra nuisance parameters,



necessitating the development of estimator and relevant asymptotic theory that is often specific to
the identification scheme. To this end, we contribute to the literature by developing an asymptotic
theory that explicitly acknowledges the random rotation problem included in factor models, similar
to Bai and Ng (2006) and Yamamoto and Hara (2022). Furthermore, unlike existing attempts within
the SFM literature, we establish the validity of identification and estimation of impulse responses
with the use of multiple different instruments via the use of a generalised method-of-moments frame-
work. Altogether, these provide the familiar theoretical basis for us to develop analytical formulas
for statistical inference, such as confidence intervals, and overidentification and automatic moment
selection procedures for testing/choosing valid instruments. A Monte Carlo experiment shows that
the resulting estimators, tests, and selection criteria exhibit good finite sample performance.

Our work is related to the broader SVAR literature that achieves identification with external
instruments, and structural factor models that attempt to extend existing identification strategies
with factor models. For the former, the literature on identification in SVAR models is extensive, for
which a comprehensive summary of mainstream identification approaches is provided by Kilian and
Liitkepohl (2017). Since then, within the external instruments approach there have been further
developments. Stock and Watson (2018) provide a comparison of local projection instrument vari-
able (LP-IV) and SVAR-IV estimators, and show that SVAR-IV estimators do not require the strict
lead-lag exogeneity assumption of LP-IV. Montiel Olea et al. (2021) derive the asymptotic theory for
SVAR-IV. Cheng et al. (2021) derive the asymptotic theory for a generalised method-of-moments
estimator that is robust to non-stationarity, but do not pursue overidentification or moment selec-
tion procedures. Schlaak et al. (2023) combine identification via heteroskedasticity and external
instruments to sharpen inference. However, their framework is focused on using heteroskedastic-
ity to achieve exact identification; overidentification using external instruments then proceeds in a
proxy-SVAR framework. Importantly, their empirical study still focuses on using one instrument at
a time. For the latter, the literature for SFMs is less developed and has typically focused on older
identification strategies. Stock and Watson (2005) and Forni and Gambetti (2010a) use an SFM
and employ a slow-fast identification, though neither provide formal theoretical justification. Forni
et al. (2009) show that the presence of a factor structure in the data typically implies nonfunda-

mentalness in fixed dimensional SVARs. Han (2015) and Han (2018) develops inferential theory for



the identification of impulses using a diverging and finite number of zero restrictions respectively.
Yamamoto and Hara (2022) develop inferential theory for the identification of impulse responses
using heteroskedasticity in a FAVAR model. Forni and Gambetti (2010b) utilise a SFM with sign
restrictions, the possibility of which is investigated by Gafarov et al. (2018).

To the best of our knowledge, there exist only a handful of papers that combine a structural
factor model with external instrument identification. Stock and Watson (2012) focus on one in-
strument at a time. Stock and Watson (2016), in their review, propose the use of a normalisation
scheme that allows for direct application of an SVAR identification scheme with an SFM. Both of
these only provide an estimation algorithm with little formal theoretical treatment of the proposed
estimators. Han (2024) proposes a unifying framework for the global identification of structural
impulse responses in factor models, but assumes that the number of static factors is equal to the
number of primitive shocks, ignoring singularity issues that could occur. Our theory differs from
the pre-existing literature in that we provide a formal theoretical treatment of the identification of
impulse responses through the use of a factor structure that summarises a data-rich environment, a
latent factor process that distinguishes between the static factor and primitive shocks, and a gener-
alised method-of-moments approach which allows for the joint use of multiple instruments and leads
to standard overidentification and instrument selection procedures to ensure that the identification
conditions are valid. These features of our proposed framework allow us to respectively deal with
the problems of nonfundamentalness, covariance singularity, and identification issues that plague
typical SVAR models, in a holistic fashion.

In an empirical application on quarterly U.S. macroeconomic data, we apply the proposed
method to study the dynamic causal effects of a monetary policy shock, and the validity of many
popular monetary policy instruments proposed by the literature. We find evidence that all the
monetary policy instrument considered are jointly valid, and that their joint use leads to more
efficient and reasonable impulse responses. In particular, we show that using one instrument at a
time is more prone to recovering puzzling responses.

The rest of the paper is organised as follows. Section 2 lays out the model setup, identification
strategy, and estimation. Section 3 presents the asymptotic theory. Section 4 conducts the Monte

Carlo study to confirm finite sample behaviour. Section 5 presents the empirical application. Sec-



tion 6 concludes. All proofs are relegated to the Appendices. For notation, Py = Z(Z"Z)~'Z" and

My = I — Py denote the projection and residual maker matrices for any matrix Z, respectively,
1/2

| Z]| = {tr(Z Tz )] ’? denotes the Euclidean norm, and % and -% denote convergence in probability

and distribution, respectively.

2 Identification of Dynamic Responses in Structural Factor

Models

2.1 Model Setup

Consider the following structural model for ¢t =1,...,T,

Xt :AFt+€t, (21)

p
F, = Z O, F,; + Gy, (2.2)
j=1

e = ACM (23)
where X; = [z14,..., ¢ Nt]T is an N-dimensional vector, F; is an r-dimensional set of unobserved
factors, A is the corresponding N X r factor-loading matrix, and e; = [ey, ... ,em]T is an N-

dimensional idiosyncratic error term. The matrix G is an r X ¢ matrix of rank ¢ which maps the
g-dimensional reduced form shocks 7; to the lags of the factors, (; are the structural shocks subject to
the identification condition E[(;(,'] = I,, and A is a ¢ X ¢ nonsingular matrix. Unlike many existing
studies, we set focus on the case of ¢ < r to allow for dynamic factors. This is important, because
the case of ¢ < r corresponds to a singular covariance structure in the static factors, rendering the
FAVAR, and even many existing SEFM approaches untenable. The assumption of stationarity in F}

implies
(I, =& L — - — ®,I7) " = W, L*, (2.4)
s=1

where U, is the coefficient matrix of the vector-moving average representation of Equation (2.2).



.
Let F; = (FtT, . ,Fttp) collect the lags of F; and ® = [®y,...,P,] collect the corresponding

coefficient matrices. Plugging Equations (2.2) and (2.3) into Equation (2.1), we have

Xy =11F + On + ¢ (2.5)

= H‘E + th + €t, (26>

where II = A®, © = AG and I' = ©A. The matrix representations of Equations (2.5) and (2.6)

follow as

X=FII"+n0" +e

=FIO" +(T'" +e (2.7)

where X = [Xp+1,...,XT]T, F = [FPH,...,FT]T, n = [np+1,...,17T]T, ¢ = [Cpﬂ,...,CT]T, and
T
e=lept1,.-. 6] .

The OLS estimators for A\ and A are, respectively,

S XE (2.8)

To estimate the reduced form shocks, first note that the dynamic factor model in Equation (2.7)
implies a factor structure in the reduced form shocks, i.e. X — FIIT = nOT + e itself exhibits a,

factor structure. Let
X = M=X (2.9)

be a corresponding estimate of n©" + e. It follows that the reduced form shocks can then be
estimated via a second-stage principal components estimator. We set the estimated reduced shocks 7

equal to /T — p times the eigenvectors corresponding to the first ¢ eigenvalues of the (T'—p) x (T —p)



covariance matrix X X '. The OLS estimator for G can be computed as

A T (aTo
G=F"q(n n) =5 ptZ Fa/, (2.10)

=p+1

which follows because F and 7] are orthogonal by design, and 7'n/(T — p) = I, by eigenidentity.

The estimator for © can be computed as
0 = AG, (2.11)

where we additionally use f; to denote the transposition of the ith row of ©. The estimator for ®

via OLS is given by
2 _pTg (Tt 4 ~T 2\ 71
o=F'F(F'F) =X ER|(F'F) . (2.12)
t

Given @, the estimates for U,, s = 1,2, ... follow by inverting the lag polynomial in Equation (2.4).

Remark. We focus on the principal components of XXT to estimate the reduced form shocks. An
alternative way to estimate 1 is to conduct a spectral decomposition of the variance of the residuals
g =F, —®oF (see, e.g. Forni et al., 2009; Forni and Gambetti, 2010a). Specifically, let S, be the
sample covariance matrixz of €, D be a diagonal matriz consisting of the first q eigenvalues of . in
descending order, and S be the corresponding associated eigenvectors. Then, 1, = D128z, is an
alternative estimator for n, because S, is of rank q, asymptotically. Due to the use of a principal
components fit, it is likely that the theory developed for this paper can also be adapted for 7. The
simulation results of Han (2018) show that 1, tends to produce more accurate estimates for n, as

measured by trace R? statistics, and we therefore leave the use of 1, to future research.

2.2 Identification and Estimation with External Instruments

Suppose, without loss of generality, that we are interested in the effects of the first structural shock.

The preceding model setup dictates that the impulse response function (IRF) to the entire N panel



of time series X; to a one unit increase in the first structural shock is given by

0X;
= AV, Ga,, 2.13
aCl,t—s ! ( )
where a; denotes the first column of A, where its columns are partitioned as A = [Ch o aq]. In

the special case of s =0, we set ¥, = I, so the contemporaneous response simplifies to

00X,
A1y

= AGa1 = @al. (214)

The estimators for A, ¥, and G are described earlier, and thus it remains to find an appropriate
estimator for a; to compute the IRF.

It is well known that principal components estimators are only consistent up to a rotation.
Specifically, the principal components-based estimator 7); is only able to estimate its unobserved
counterpart 7; up to a rotation, which we denote as H,, i.e. 7j; estimates HnT 1;. The presence of this
rotational basis H, will generally affect the distribution of the individual components, which enter
into the expression for the impulse response functions. We show that, however, the resulting estima-
tors of the impulse response functions are not affected by this rotation, and thus the identification
of the impulse response functions themselves is not affected. Identification proceeds by requiring
q — 1 restrictions to identify a; (assuming that the first element is fixed to unity). Unlike the typical
SVAR-IV case, the use of principal components estimator 7;, which recovers HnT ¢, implies that we
are instead identifying a] = HnT ar.

We are interested in identifying a} with external instruments Z, € R¥, which satisfy i) E(Z,(1;) =
a # 0k, and ii) E(Z, () = O for j # 1, which are the instrument relevance and exogeneity
conditions. We emphasise that these conditions are with respect to only the contemporaneous
shocks - these SVAR-IV conditions permit the instruments to be correlated with lagged values of

the non-target shocks, and is thus far less restrictive compared to the Local Projection (LP-IV)



approach as noted by Stock and Watson (2018). Under these conditions, the instruments satisfy

E<H77T77tZtT) = E(HJAQZtT)
= HnTalozT

=ala’ € R*F, (2.15)

and are thus able the identify a] up to a scale. The case of k£ = 1 instrument corresponds to ¢ — 1
restrictions and suffices to just identify aj; the system is overidentified if £ > 1. In the traditional
SVAR setting, the reduced form shocks are estimated without the effect of H, and thus the moment
conditions are E(1,Z,) = a;a’; estimation then proceeds by regressing each reduced form shock
on the first using the instrument(s) Z; via two stage least squares (2SLS) as in Ramey (2016), or a
generalised method-of-moments approach as in Cheng et al. (2021).

Without loss of generality, we normalise the first element of a} to be 1.! This allows us to remove

the constant 1 and define the parameter
-
0= laj,...,a5,] €RT (2.16)
With aj, = 1, Equation (2.15) is therefore equivalent to the moment conditions

E [((HJU)—lt - 577;5) ® Zt}

=E ("4, — on},) ® 2| = 0 € R, (2.17)

where 7}, is the first element of HnT 1. and n*,, is the rest of HnT ne with nj, removed. Let 7;; and
7—1: denote the principal components-based estimated counterparts of 7j, and n*,,, respectively.

We estimate § by minimising the generalised method-of-moments (GMM) criterion

Qr(6) = gr(6) Wrgr(9) (2.18)

IThis corresponds to an additional scale assumption that H,;r 11 = 1, and is analogous to the innocuous identi-
fication condition of setting the first element of a1 to one in the case of 7; being observed or estimated without the
effects of H,, as is the case in a traditional SVAR setting. In practice, any normalisation can be used afterwards,
such as the unit-effect normalisation.

10



using the empirical moments

1 T

gr(6) = T—p
t

(-1 = 07) ® Z4] (2.19)

:p—|—]_

and a weighting matrix Wp. The first-order condition yields the GMM estimator

0 = (AW AL P ArWiGr (2.20)
where
IR 1 &
AT = ]q—l ® _— Z nl,tZt s and QT = —-— (7]_1115 ® Zt> . (221)
TP i—pt1 T—p.S0h

UWr=1,.1® (ﬁ ZtT:pH ZtZtT) o then 0 corresponds to the equation by equation 2SLS estimator
that is typically considered by the literature. By defining Vj as the variance covariance matrix of Gr,
an optimal two-step GMM estimator 5° can be estimated as follows. In the first step, we use either
Iy or 11 ® (T‘1 >, ZtZtT)i1 as the weighting matrix and compute the GMM estimator 8.

In the second step, we compute the feasible weight estimate as
Vs = [S;0 LDV [S; @ LT (2.22)

where S5 is a (¢ — 1) x ¢ matrix such that Ssie = N1 — gﬁlt, which by definition is equal to
[0:1,_1(1 : q—1)] where I,_1(1 : g—1) collects the g—1 matrix of I,_;, and 52(\1) is a feasible estimate of
the variance of the instruments, detailed in Section 3.4. Note that, due to the effects of the generated
regressor, this is different to the implicit 2SLS weighting matrix [,_; ® (% Zthl ZtZtT )_1, even in

the absence of conditional heteroskedasticity.

2.3 Comparison With Existing Approaches in Factor Models

The identification scheme in this paper uses the information from an external instrument of the
structural shock, which is widely considered to be parsimonious in terms of identifying assumptions.

The literature on combining identification with external instruments with a factor structure has seen

11



increasing, though still limited, attention.

This approach was initially proposed by Stock and Watson (2012). However, their methodology
in implementing the identification condition differs somewhat - instead of regressing the reduced
form shocks on each other in a typical IV regression as we have, they opt to regress the instrument on
all remaining reduced form shocks. Although both approaches are consistent at recovering the same
structural shock (see Montiel Olea et al., 2021, for a proof in an SVAR-IV context), our adoption
of a generalised method-of-moments framework allows researchers to easily adapt the wide array
of tools within that literature. This can be seen in how Stock and Watson (2012) only report the
estimated structural shock as estimated by each instrument one at a time, and investigate joint
validity of instruments by reporting their correlations, an approach that precludes the ability to
formally test joint validity. Whether this approach is correct in the context of factor models is
also unclear; Stock and Watson (2016) provide only an unjustified bootstrap algorithm to calculate
inferential quantities such as confidence intervals.

Stock and Watson (2016) justify this by proposing a “named factor” normalisation which allows
for the direct implementation of existing SVAR identification methods. However, this requires that
the space of the innovations to the first » common components span the space of the innovations of
the remaining variables. Although the theoretical assumptions this additionally imposes are mild, in
practice this is sensitive to the choice of named factor variables; one needs to ensure that the set of
named variables 1) be sufficiently heterogeneous, 2) are sufficiently representative of the remaining
groups of variables and 3) have innovations to their common components that sufficiently span the
space of the innovations to the factors. As explained by Han (2024), this normalisation is mostly
applicable in cases when the large dataset employed does not adequately capture the true structural

shock, such as in the case of oil shocks.

3 Asymptotic Theory

3.1 Assumptions

To analyse the properties of the proposed estimators, we make the following assumptions.

12



Assumption 1. There exists a positive constant M < oo such that:

a) E|F|* < M, LY B 5 S, and Y0, FF] 5 Sx for some positive definite

matrices g and Xr.
b) E(GG) =1, B¢ < M, E(GGT) =0 for any s #t, and DI ANNCTOUEL
c) EH% Y p Ct}—tTHQ <M.
Assumption 2. There exists a positive constant M such that:

a) E|N|" < M,

ATA/NH — YA B0 for some £y > 0.
b) rank(G) = ¢, [|G|| < M, and ||®[| < M.
c¢) All of the roots of |1, — &1L — --- — ®,LP| = 0 are outside the unit circle.
d) The matrices pXy and GTY\G have distinct eigenvalues.
Assumption 3. There exists some positive constant M < oo such that for all N and T':
a) Eley) =0,Eley> < M.

b) E(ele,/N) = E(N~! Zﬁvzl eiseit) = YN (s, 1), |yn(s,s)| < M for all s, and

T o e v (s ) < M.

c) E(epej) = Tijr, with |Tij4| < 755 for some 1;; and for all t. In addition,

NIYY, Z;‘V:I |Tij| < M.
d) E(eiejs) = Tijps, and (NT) ™ S0, S50 S50 S0 [mijes| < M.
e) For every (t,s), E ’N’I/Q SN [eiseir — E(eiseit)]’4 < M.
Assumption 4. The variables {\;}, {¢:}, and {ei} are mutually independent groups.

Assumption 5. There exists an M < oo such that for all T and N, and for everyt <T andi < N

such that:

a) Yoy lw(s )] < M.

13



b) T I7il < M.
Assumption 6. There exists an M < oo such that for all N and T':

a) For each t, EHﬁ ST SN Fulerser: — E(eksekt)]Hz < M, and

2
B ﬁ ZsT:erl ZkN:1 Cslexsent — E(eksekt)]H < M.

2
b) E|| Az T Sy FMew|| < M.

2 2 .
¢) E|| s Tl S Nie | € M oand B A S0 S Ne ¢ < M for j =
0,1,....p.

2

d) For each t, EH# SN el < M.

4 4
e) For each i, EH% Zthl Fiey < M. For each i and for

< M and EH% ZtT:p+1 Geit
<M.

i=1....p, B| XL, Fex

Assumption 7. Fori=1,... N,

vec (ZTn — E(ZTn))
1 d
ﬁ FTeZ- — N(O(qk+r+rpq)><1> Zz)

vec (f Tn)

Assumption 8. The structural shock (; is linked to the reduced form error by the linear transfor-

mation 1, = A, for some nonsingular matriz A, and E(Z:() = |a, Okx(g—1)], where o # 0.

Assumptions 1 to 6 are either straight from, or slight modifications of, Assumptions A-G of Bai
(2003) and Assumptions 1-6 of Han (2018). Assumption 1 (a) regulates the moments of the static
factors. The positive definiteness of Y7 is the same as Assumption A10 of Amengual and Watson
(2007). Assumption 1 (b) restricts the structural shocks to be serially uncorrelated and have an
identity covariance matrix. Assumption 1 (c¢) is not restrictive because the structural shocks ¢;
and lags of F; are commonly assumed to be uncorrelated in the VAR literature. Assumption 2 (a)
follows from Assumption B of Bai (2003). Assumption 2 (d) is similar to Assumption G of Bai
(2003), and ensures the existence of the probability limits of the rotation matrices Hp and H,. As-

sumptions 3 and 5 allows for weak serial and cross-sectional correlation in the errors, corresponding

14



to Assumptions C and E of Bai (2003). Assumption 4 is similar to Assumption D of Bai and Ng
(2004). Assumption 6 is not stringent because all of the sums involve zero mean random variables.
It is close to Assumption F of Bai (2003) and Assumption 6 of Han (2015). Assumption 7 are
central limit theorems which can be obtained under primitive assumptions, (e.g. Theorem 5.15 or
Theorem 7.1.2 of White, 1984; Brockwell and Davis, 1991, respectively). Assumption 8 formalises
the instrument relevance and exogeneity conditions with respect to contemporaneous shocks. Note
that ¢, = A=y, implies E((;|Zi_1, Zi_a,...) = 0, i.e. that the structural shock is uncorrelated with
lags of the instruments. This is consistent with the structural VAR literature, where the structural
shocks are interpreted as unanticipated, and therefore, unpredictable conditional on historical in-
formation. Similar to Stock and Watson (2018), we allow Z; to be correlated with lags of (;, which
is a much looser condition than is required for a local projection (LP-IV) approach.

It is well known that the principal components estimator is only able to estimate the true factors
up to a rotational basis. Let X% = [X, ... ,XT]T be the full data matrix. We define the following

normalisation bases for F; and 7,

ATA\ (FTF\ ~_

HF:< N )( T >VF1 and (3.1)
0'o 77T77 -1

m-(20) (22)y, o3

where Vp is an r X r diagonal matrix consisting of the first r largest eigenvalues of X°X°" /(NT)
in descending order, and 17,7 is a ¢ X ¢ diagonal matrix consisting of the first ¢ eigenvalues of

XXT/(N(T — p)) in descending order. Their corresponding probability limits are

Hp =plim Hp and (3.3)

H, = plim H,), (3.4)

which can be shown by Lemma A3 and Proposition 1 of Bai (2003).
Analogously, we can define Hr such that F is a consistent estimator for HLF;. Recall that

~ . T T
Fo=|FL,,...,FL,| and F=|FL,,...,F[ | . It follows that the rotational basis Hr can be

15



defined as

Hr=1,® Hp (3.5)
so that F is a consistent estimator for H L. The probability limit of Hr is

Hr =1,® Hp. (3.6)

Remark. We focus on the setup where the static factors F; are unobserved. If some of the factors
are treated as observed, then the model becomes a factor-augmented VAR (FAVAR) model, (e.g.
Bernanke et al., 2005; Bai et al., 2016). Specifically, in the FAVAR setup, E, can be constructed
by stacking the observed factors (regressors) and the estimated factors. Generally, the introduction
of observed factors results in %Zthl Ftﬁf no longer being an identity matriz; the corresponding
loading matriz should then be estimated by least squares as A=XTF (ﬁTﬁ)_l. The rotational
basis Hr then needs to be redefined as ! where the identity matriz is the same dimension

0 H
as the observed factors, and H} is the normalisation basis for the unobserved factors defined in a

similar manner to Equation (3.1), i.e. Hp is defined in a suitable way that keeps the observed factors
unchanged, but rotates the columns of the unobserved factors. Therefore, the theory developed in

this paper can also be applied to FAVAR models with some minor adjustments.

Remark. In addition, the X, series that are used for factor estimation need not be identical to the
series whose impulse responses we are interested in. This can occur, for example, if a subset of
X; corresponding to non-aggregate series is used to estimate the factors as is commonly done (e.q.
Stock and Watson, 2002, 2012, 2016). The corresponding loading matriz is still estimated by least

squares as /A\, and the theory developed in this paper remains applicable.

16



3.2 Asymptotic Distribution of Structural Parameters

We begin by deriving the asymptotic distribution of 5 , which is necessary to analyse a and, therefore,

the IRF. Let S; be the infeasible counterpart of S, i.e. a (¢ — 1) X ¢ matrix such that

Ssn; =n" 1 — iy, (3.7)

which by definition is equal to
S(5 =16 [q,1(1 L q — 1) ) (38)

where I,_1(1: ¢ — 1) collects the last ¢ — 1 matrix of I,_;.

Theorem 1. Under Assumptions 1 to 8, and the conditions that Wy 2 W, and \/T/N — 0 as

N, T — oo,

a) § is a consistent estimator of 8, and
VT (5= 8) 4 (AWAT) " AWN (0, (S511] @ 1) S0 (S @ 1x) ).

where A =1,_1 ® SlﬁnTE(nltZtT), S1 = [1,01x(q-1)], and Zgl) is the upper left block of ¥;.
b) The optimal choice of the weighting matrix is Vs *, where Vs = CEZ(UCT and C = [S(;HUT ® Ik} )
c) Vs B Vs
d) VT (3°—38) % N (0, [AV; T AT] ).

Theorem 1 shows that 0 is consistent for § and has a standard asymptotic normal distribution.
Theorems 1 (b) and 1 (c) show the form of the infeasible weight matrix and the consistency of the
feasible weight matrix, respectively. The use of the optimal weight matrix results in the optimal

two-step GMM estimator 4° in Theorem 1 (d), which follows from typical GMM arguments.
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3.3 Asymptotic Distributions of Impulse Response Functions

In this subsection, we present the asymptotic distributions of the estimators of the IRFs. The IRFs
~ o~ ~ ~ T ~
are a function of a;, A, ¥,, G and ©. Because a; = (I,W) , the asymptotic properties of § in

_ _ 0
Section 3.2 can be used by defining S; as the last ¢ — 1 columns of I, so that a — a* =S,

~

0—9
Thus, we derive the asymptotic representations of the remaining terms and then combine these

results to obtain the asymptotic distributions of the IRFs.

Proposition 1. Under Assumptions 1 to 6, G- HLGY,H, =0, (521)
NT

Proposition 2. Under Assumptions 1 to 6, if \/T/N — 0 as N, T — o0,

VT (6: — H,'0;) = (H,'GTHp) VT (A = Hg'As) + 0,(1) (3.9)

Proposition 3. Under Assumptions 1 to 8, if \/T/N — 0 as N, T — o0,

a)

a; — al vec (ZTn — E(ZTT]))
1
VT N -1y, = B,—— Te. + 0,(1
N — Hi' )\ N FTe p(1)
vee(W] — Hp'WT Hp) vec (]—'Tn>
& N(O0gyrr2yets BB, (3.10)
where
_ 1 _
Si (AWAT) " AW (SsH] @ It) Oy Okxrpq
Bs = Orqu FI; 07”><7’pq ?
_ T _ -1
0r2 gk Or2yy R [HFG ® (Z}'H}') }
Ro= > (AJU, AT @ [ T, BT e BTWT, ),
=1
\IIO = IT'7

U, = 0pxr for s<0,

18



b)

a, —a} 1 |vec(Z'n—EZT
N B (270 - E(Z7)

R (= + 0p(1)
)\i — I{EI)\Z ﬁ FTGZ‘

7

- N (O(q+r)xla Boz(l)BOT) ’

Sl (AWAT)_l AW (S(SHJ & [k) Oq><r

7T
07“><qk: HF

where By =

Proposition 1 shows that /T (é — H;GEWHW) has a degenerate limiting distribution if v/7'/N —

0, therefore G can be directly replaced by HjGX, H, as if G is observed when N is large relative

to T'. Proposition 2 is used for obtaining the asymptotic representations of the contemporaneous

impulse responses. Proposition 3 (a) implies the asymptotic distribution of the IRFs. Proposi-

tion 3 (b) is simply Proposition 3 (a) but without the effects of ¥y, and is used for simplifying the

results for the contemporaneous IRFs. Theorem 1 and Propositions 1 to 3 together are applied to

obtain the asymptotic distributions of the dynamic IRFs over time, as summarised in the following

theorem.

Theorem 2. Under Assumptions 1 to 8, and the conditions that Wy 2 W, and \/T/N — 0 as

N, T — oo,

a) For the contemporaneous IRF's of Xy to iy,

_ a; — aj
VI (67— 0la) =vVTQii | ' [ +0,1)
N — Hp'\;

4N (0, QuBOEiBOTQL) ’

where Q1 ; = (QZTHH_TCH + a]_GTHFCQ), Cy = [I;:04xr], and Cy = [0y5q: 1]
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b) For the IRFs of X to (14—s, (s > 1),

51 — Cbi<
\/T (X:{I}Séal — )\ZT\IJSG(M) = ﬁ@li Xz —_ H;l)\l + 0p<1)
vec (@;r — HEI\IISHF)

N N(0, QQ,iBSEiBZQ;i)’
where
Qui = N UGS, H,Cs + ol GTU] HpCy + (N Hy " ® o GT Hy) Cs,

and Cs = [1;:04xr:0gxr2], Cs = [0rxg:Lr:0p5r2] and Cs = [0,254:0,25,:1,2].

Theorem 2 establishes the consistency and asymptotic normality of the dynamic IRFs. Note
that despite our estimator a; recovering aj = HnT a; and therefore being subject to the effect of
the principal components rotation, our resulting estimators for the IRFs can consistently estimate
the true impulse responses without the effect of any rotations. Additionally, we do not need H,
or Hr to estimate their asymptotic variances. Hence, Theorem 2 is the main result necessary for
frequentist inference and construction of valid confidence intervals in empirical analysis. We discuss

practical implementation of the covariance matrices in the next subsection.

Remark. The structural factor model can also offer a way to test conventional identifying re-
strictions employed in SVAR models, such as short-run and long-run exclusion restrictions on the
impulse responses. It is straightforward to implement any tests for zero impulse responses using
Theorem 2. However, note that this approach does not establish a consistent estimator for A per
se; and hence simply gives some theoretical justification to the often ad-hoc practice of checking for

“reasonable” impulse responses often employed by the literature, (e.g. Bernanke et al., 2005).
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3.4 Covariance Matrix Estimation

We next detail feasible estimation of the covariance matrices for the IRFs in Theorem 2. First note

that the idiosyncratic errors can be consistently estimated as
é\t - Xt - Kﬁt, (311)

and let €;; denote the i¢th element of €;. We define an estimator for X; as

— Z kit (3.12)
D= p+1
where
vec (Zt M — 7<ZT77)>
git = Ft eit )
vec (ﬁ;ﬁ»
and

S

R 3 (00 [0, 00,0 ,0))

j=1

with @0 = I, and \TIS = Oy, for s < 0. Similarly, an estimator for 251) can be defined as

~ 1 T
S = — 3" CekuaCs (3.13)

t=p+1

Iq Oqu OqXqu . . .
where Cy = . When e¢; is serially correlated, the HAC estimators for the

Orqu Ir Orxrpq
asymptotic variances can be readily constructed following the arguments of Bai (2003) and Han

and Inoue (2015); cross-sectional correlation in e; can be additionally accommodated via a CS-HAC
estimator following Bai and Ng (2006) and Gongalves and Perron (2020). Estimators for By and B

for s = 1,...,h follow by appropriate replacement of their unknown quantities with their feasible
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counterparts

By = S1 (ArWrAr) ™ ArWr (838 1) Oer (3.14)
i Orxqk I,
S (ATWTAT)_l ArWr (Sg® [k) Ogscr Ogxrpg
B, = Ogx gk I, 0 xrpq . (3.15)
0, O R, <é® (?f)_l>
The constant matrices Q” for 5 = 1,2 can be estimated by replacing the unknown parameters

with their consistent counterparts. Based on Theorems 1 and 2 and Propositions 1 to 3, we know
that ;, \;, ¥y, G, and @, consistently estimate H,;Tei,H;lxi,H;mSH;T,H;Gann, and ﬁnTal,

respectively. Hence, we propose the following estimators for the constant matrices

@u = [@01 + a1@TC2} )

Qui= [N 0.GC3 +a[CTU]Cy + (N ©a[GT) C5).

3.5 Overidentification and Automatic Selection of External Instruments

A major advantage of the GMM-based framework that we adopt is the possibility of 1) testing the
joint validity of external instruments and 2) automatic selection of valid external instruments.

We first present the J-test for the joint validity of external instruments as

-~

where Qr(d) is the GMM-criterion function Qp evaluated at & where the weight Wy is chosen
optimally. We show that Jr has a standard asymptotic X%k:—l)(q—l) distribution.

Following this definition of the J-test statistic, we then propose a series of instrument selection
criteria for automatic selection of valid instruments. Let ¢ denote the instrument selection vector,

which takes values 0 or 1. The number of overidentifying restrictions is therefore (|| — 1)(qg — 1).
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Define the GMM-estimator using the instruments selected by c as
5(c) = arg;ninQT (0(c)) = arg(rsningﬂc(é)TWT(c)gT,c((S), (3.17)

where gr.(0) and Wr(c) are the empirical moments and their weight matrix, defined using only the

instruments selected by ¢. Thus, the corresponding Jr(c) test can also be written as
~ T o~
Jr(c) = Tgre (3(c)) Wr(e)gr. (3(c)). (3.18)

We consider estimation of ¢” the “correct” selection vector, using an estimator ¢, which has pa-
rameter space ¢ € C. The space € contains ¢ = 0, and is defined in terms of the selection of the
instruments in order to exploit the block structure implied by the moment conditions; that is, if
the first instrument is invalid, then this implies that all of the first ¢ — 1 moment conditions are

also invalid.

Assumption 9. Define 2 = {c € C : ¢ = °(0) for some 8}, the set of selection vectors in C which
select only moment conditions that are zero asymptotically, and M % = {c € & : |c| > |c*|Vc* € Z},
the set of selection vectors in % that maximise the selected moments out of selection vectors in Z .

We require the following conditions:
a) MZ contains a single element °.
b) gr.(6) has a unique solution é.

Assumptions 9 (a) and 9 (b) correspond to Assumptions ICc® and ICA° of Andrews (1999).
Assumption 9 (a) requires that the correct selection vector uniquely selects the maximal number of
moment conditions that equal zero asymptotically. Assumption 9 (b) specifies that ¢ is the “true”
value of 0. As we are in a standard GMM context, .# 2 = {1,_1} and thus both assumptions hold.

Similarly, we follow Andrews (1999) and propose a set of information criteria which can be

used to select for the correct set of moments (instruments). The GMM moment selection criterion
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chooses the vector in Caarnrg,cs Cammares CaMMpore 10 C which, respectively, minimise:

GMMpgic = J(¢) = (|¢| = 1)(g — 1)logT;
GMMasc = J(c) = 2(|e[ = 1)(g — 1);

GMMugic = J(c) — Q(|c| — 1)(q — 1)loglogT,

for some @ > 2 (which we set to 2.01), and where (|c| — 1)(¢ — 1) is the number of identifying
restrictions.?  These criteria are the counterparts of the Bayesian Information Criteria, Akaike

Information Criteria, and Hannan-Quinn Information Criteria.

Downwards Testing

As an alternative, we next propose a downwards testing procedure that sequentially tests all combi-
nations of the external instruments and asymptotically yields the correct selection of instruments.?
As stated by Andrews (1999), this downwards testing procedure formalises the ad-hoc approaches
used by empirical researchers.

We describe the downwards testing procedure, which is based on the test statistic Jr(c). Starting
with vectors ¢ € € for which |c| is the largest, we carry out tests with progressively smaller |c| until
we find a test that does not reject the null hypothesis; let kpy denote the value of || for the first
such test that does not reject. Given EDT, the downwards testing estimator of ¢pr is defined to
be the vector that minimises Jr(c) over ¢ € € with |¢| = kpr. The downwards testing moment
selection procedure thus progresses from the most to least restrictive model.

The consistency of the J-test, moment selection criteria, and downwards testing procedure are

summarised in the following theorem.
Theorem 3. Under Assumptions 1 to 8 and the condition that % — 0 as N, T — oo,
= d
a) Jp =TQr(5) — X%k—l)(q—l)y

b) Additionally under Assumption 9, for MSC € {GMMgrc, GMMarc, GMMpuoic}, tusc =

A w.p.a. 1,

2Note that GM M — AIC is inconsistent.
3Note that the upwards testing procedure requires some extra assumptions, so we omit it for brevity.
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c¢) Additionally under Assumption 9, ¢pr = c® w.p.a. 1.

Theorem 3 (a) follows from a standard application of Hansen’s J-test. The degrees of freedom
corresponds to the fact that each of the k instruments corresponds to (¢ — 1) moments, and only
k = 1 instrument is required to just identify a;. Theorem 3 (b) establishes that the model selection
criteria Coymmp ey CGMMare> A0d CaMMy e are consistent at determining when there are no over-
identifying restrictions. Theorem 3 (c) corresponds to Theorem 2 of Andrews (1999), and establishes
that the downwards testing estimator ¢pr is able to determine when there are no over-identifying
restrictions, similar to ¢y;sc. In practice, over-rejection of the J test in finite samples tends to lead

to a higher probability of using only correct moments, but not necessarily all valid moments.

Remark. An upwards testing procedure can also be considered following Andrews (1999). However,
this requires an additional assumption on the parameter space € to ensure that it does not stop at
too small a value of |c|. In addition, although both the upwards and downwards testing procedure
are consistent, in finite sample the upwards testing procedure will always select fewer moments than
the downwards testing procedure if they do not agree. Thus, we focus on the model selection criteria

and downwards testing approaches.

4 Monte Carlo

4.1 Data Specification

The factor loadings A; are drawn from a multivariate normal distribution with mean 0, and covari-
ance matrix X = [,.* The structural shocks ¢; are drawn from N(0,, I,).

Similar to Bai and Wang (2015), we specify a VAR process for the dynamic factors as

fit = ofie1 + AG, (4.1)

4The set of loadings ); is set to be a vector of ones, in order to ensure that the first impulse response function is
not too small, which can cause some numerical issues when implementing the unit effect normalisation.
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1 00
-
where ¢ = 0.7and A= |1 1 (. The static factors are stacked as F; = [f:, fii—1, ... ,fr,q’t,l}

1 01
where 7 < 2¢ in order to include some lags of f; as static factors. Equation (4.1) implies

Ft — ¢1Ft—1 —l— GACty (42)

o1, Ogx (r—q)
where & = where I(,_g)xq denotes the first (r — ¢) rows of I,, and GA =

I(T‘—Q)Xq O(T‘—q)X(T—Q)
A

. We set r =5 and ¢ = 3. The observable series are then generated as
O(r—q)xq

Xt = AFt + €. (43)

To investigate the efficiency gains from overidentification and the size of the proposed J-test,

we generate the instrument Z;; that is correlated with the first structural shock at time ¢ by
DGP 1:Z;; = V1 — d*wjy + alyy + (g1, for j=1,... k=4, (4.4)

where wj; are i.i.d. standard normal random variables, and a is set equal to \/1/72 /2 so that the
correlation between Z;; and (j; is equal to 0.25. We set the number of instruments as k = 1,...,4
to investigate the benefits of overidentification.

To investigate the power of the overidentification test and consistency of the moment selection

procedures, we generate instruments as

DGP 2: Z; =Vv1—-dwj+aly+ (1, for j=1,2,
Zst = V1 — a’ws; + alar + Cq,t—h
Zy = V1 —a’wy + alse + Cui-1, (4.5)

such that the first two instruments are only correlated with the structural shock of interest and
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hence valid, but the last two instruments are contaminated with the effects of other structural
shocks, and hence invalid. In either specification, the instruments are also correlated with the lags
of the gth structural shock. The number of replications is 1, 000.

With the observed data X;, we estimate the static factors F' and loadings A. The MA coefficients
U, are computed using the OLS estimate of ®. The principal components-based estimates of the
reduced form shocks 7; and the instruments are then used for the estimation of §. We implement
two-step GMM estimation using the weighting matrix [, ® (% )Y )_1 in the first step, then
re-estimate ¢ using the optimal weighting matrix V-1 in the second step. The confidence intervals
for the structural IRFs are computed based on the asymptotic normal distribution in Theorem 2
and the proposed consistent estimators of the covariance matrices.

Additionally, for a point of comparison, we also identify and estimate the impulse response using
an SVAR-IV estimator using only the first four variables in X;. The implementation of this follows
Cheng et al. (2021), the difference from the SFM approach being that the SVAR is estimated in

X for j =1,...,4 directly, and the reduced form shocks estimated as the residuals of this system.

Note that because ¢ = 3, this results in a singular VAR system.

4.2 Results
4.2.1 Efficiency Gains

Table 1 reports the finite-sample RMSEs of the estimated IRFs as measured by a ratio of each
overidentified scheme compared to the just-identified scheme using only one instrument. The RMSE
ratios are typically decreasing in k for the IRFs, with the effect being more pronounced at the
contemporaneous horizon and when N = T'. This confirms that a more efficient estimate of a; via
the use of more than one instrument can lead to efficiency gains for the IRFs at both zero and
non-zero horizons, and that our asymptotic theory is correct.

Table 2 reports the finite-sample coverage rates of the confidence intervals. In general, these
coverage rates are acceptable and close to the nominal level of 95%, particularly at the A = 3 horizon.
There is some evidence that the coverage ratios are slightly under-estimated for contemporaneous

horizons. This is a commonly encountered problem in the factor modelling literature (e.g. Yamamoto

27



h=0 h=3

T N k=2 k=3 k=4 SVAR-1IV (k = 4) k=2 k=3 k=4 SVAR-1IV (k = 4)
250 125 0.945 0.926 0.919 1.962 1.001 1.007 1.008 1.625
250 0.949 0.928 0.911 2.006 0.998 0.986 0.978 1.520
500 125 0.961 0.938 0.925 2.020 1.000 1.000 0.996 1.927
250 0.961 0.948 0.936 2.063 1.001 1.004 1.003 1.823
Note:

Entries report the RMSE of the estimated IRFs of the overidentified system, compared to the RMSE of the
IRFs of the just-identified system.

Table 1: RMSE ratios

T N k=1 k=2 k=3 k=4 k=1 k=2 k=3 k=4

250 125 0.919 0.897 0.889 0.881 0.954 0.949 0.947 0.944
250 0.920 0.904 0.895 0.888 0.954 0.949 0.945 0.944

500 125 0.903 0.890 0.883 0.880 0.946 0.943 0.941 0.940
250 0.909 0.898 0.892 0.889 0.948 0.945 0.943 0.942

Note:
Entries report the coverage probabilities of the IRFs using the proposed asymptotic
distributions (nominal 95%).

Table 2: Coverage Probabilities

and Hara, 2022), and is a finite-sample aberration that can be readily addressed by employing a
bootstrap procedure similar to that of Yamamoto (2019). We leave this issue for future research.
The effective coverage rates all improve at the sample size increases and particularly as N increases,
confirming our asymptotic theory.

Table 3 reports the finite-sample performance of the proposed J-test to test the null hypothesis
of joint instrument exogeneity. In general, the effect size of the proposed tests is acceptable for the

sample sizes considered in simulations.

4.2.2 Overidentification Test and Moment Selection

We investigate the results of the proposed overidentification and moment selection procedures,
which correspond to DGP 2. Tables 4 and 5 present the finite sample performance of the J-test for
joint exogeneity of the instruments and accuracy of the moment selection procedures, respectively,

under DGP 2. It can be seen that, across all specifications, the J-test has high power, and the

T N k=2 k=3 k=4

250 125 0.046 0.034 0.035
250 0.058 0.040 0.021

500 125 0.049 0.047 0.043
250 0.039 0.035 0.039

Note:
Entries report the rejection frequencies
of the J-test (nominal size of 5%).

Table 3: Size of J-test
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T N Rejection Frequency

250 125 1.000
250 1.000
500 125 1.000
250 1.000

Note:

Entries report the rejection fre-
quency of J-test for overidentifica-
tion, with k£ = 4 instruments.

Table 4: Power of J-test

Information Criteria Testing
T N  GMMprc GMMajc GMMpgre DT uUT
250 125 1.000 1.000 1.000 1.000 1.000
250 1.000 1.000 1.000 1.000 1.000
500 125 1.000 1.000 1.000 1.000 1.000
250 1.000 1.000 1.000 1.000 1.000

Note:

Entries report the frequencies of correct instrument selection. DT and UT
denote Downwards and Upwards Testing respectively. Correct instruments
are Z1 and Zo.

Table 5:  Accuracy of Moment Selection Procedures

moment selection procedures are able to accurately select the correct instruments.

5 Empirical Application

5.1 Data and Instruments

We consider the dataset used by Stock and Watson (2012). This dataset consists of quarterly
observations from 1959Q1 - 2011Q2 on 200 U.S. macroeconomic time series, grouped into 13 cat-
egories and suitably transformed to induce stationarity. Of the 200 series available, we only use
the 132 disaggregated series to estimate the factors in order to avoid double counting high level
aggregates.” We restrict our sample to 1980Q1 - 2007Q2; the start is dictated by the data avail-
ability of the instruments, while the end is chosen to avoid the onset of the Global Financial Crisis.
We focus on identifying and estimating the dynamic causal effect of a monetary policy shock with
the use of various monetary policy instruments. These include the narrative-based instrument of
Romer and Romer (2004) computed as the residual of a Fed monetary intentions measure on in-
ternal Fed forecasts,® a model based instrument in the form of the monetary shocks identified from

the SVAR of Bernanke and Mihov (1998), and a collection of monetary surprises identified using

°See Stock and Watson (2012) for more details on data cleaning.
6We use an updated and extended version of the Romer and Romer (2004) shocks, as constructed by Wieland
and Yang (2020).
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high(er) frequency data: the changes in federal funds futures around policy announcements using
a daily window (Barakchian and Crowe, 2013), a 30-minute window (Gertler and Karadi, 2015),
and a 30-minute window with further cleaning of the surprises via a regression on more control
variables, (Miranda-Agrippino and Ricco, 2021). This selection of five instruments corresponds to

the instrument set used by Schlaak et al. (2023).”

5.2 Model Specification

We first estimate the number of factors in the dataset. The IC,(2) criterion of Bai and Ng (2002)
suggests r = 5 static factors, though the criteria are quite flat for 4 — 12 factors. As suggested by
Stock and Watson (2016), the sixth to twelfth factors can often help in explaining the majority of
variation in many important variables such as labour productivity, hourly compensation, the term
spread, and exchange rates. The first nine factors explain about 52.1% of the total variance in the
dataset; whereas the contributions of the 10th-12th factors only provide marginal gains totalling
6.79% additional explanatory power. As stated by Han (2015, 2018), it is important to set r high
enough such that the space spanned by the static factors can be fully recovered; at the same time,
setting r too high (usually more than nine factors) tends to introduce too much extra noise.® We
therefore proceed with the choice of r = 9 static factors for our benchmark model. We fit a VAR(2)
process to model the dynamics of F;, corresponding to p = 2 lags in our benchmark analysis, as
supported by the BIC. The criterion of Bai and Ng (2007) tends to detect three dynamic factors;
we thus set ¢ = 3 factors in our benchmark model.

We proceed with the identification of the monetary policy shock by implementing the proposed

estimators with all five available instruments.

"We do not consider combining the instruments by taking their first eigenvector, as our generalised method-of-
moments framework already achieves this in a data-driven manner.

8The procedures of Onatski (2010) and Ahn and Horenstein (2013) tend to estimate 7 = 1 factors, which as noted
Forni and Gambetti (2014) is at odds with most macroeconomic theory and the theoretical premise of the SVAR
literature.
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5.3 Results

Dynamic Causal Effects of Monetary Policy Shocks

We present the results of our benchmark model. Figure 1 shows the cumulative impulse responses
of various macroeconomic variables to a standard deviation monetary contraction in the Federal
Funds rate as identified, using the benchmark model with all instruments. Although most impulse
responses are not statistically significant from zero, it is remarkable that most of the point estimates
are consistent with economic theory and the consensus as documented by Christiano et al. (1998).
Economic activity as measured by industrial production declines immediately, with the response
bottoming after one year. Falls are also evident in earnings, employment, and money variables. The
unemployment rate is estimated to increase after a contractionary monetary policy shock, with a
persistent effect.

Note that there is a persistent, though generally statistically insignificant puzzle evident. In
contrast, Figure 2 presents the cumulative IRFs after a contractionary monetary policy as (just)
identified by using each instrument one at a time, in comparison with the benchmark overidentified
model. Note that the impulse responses as identified by the Bernanke and Mihov (1998) model-
based instrument are omitted due to scaling issues. It is remarkable that although almost all
impulse responses from these just identified schemes lie within the 95% confidence interval of the
overidentified case, each of them produces responses that are less efficient and/or more puzzling.

For example, the narrative-based instrument of Romer and Romer (2004) produces responses
with the correct signs for series such as earnings, housing starts, industrial production, and em-
ployment. However, it is also prone to producing greatly puzzling behaviour in prices, exchange
rates, and the S&P500. Next, the model-based instrument of Bernanke and Mihov (1998) identifies
a contemporaneous response of the Federal Funds Rate to a monetary policy shock to be near zero.
Such a result poses significant numerical problems when imposing the unit-effect normalisation and
causes significant scaling issues; this result is additionally highly incompatible with macroeconomic
theory. We therefore believe that the impulse responses as identified by this model-based measure
to be untenable in any practical sense. Finally, the high frequency-based instruments of Barakchian

and Crowe (2013); Gertler and Karadi (2015); Miranda-Agrippino and Ricco (2021) are much more
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Figure 1: Cumulative IRFs after a contractionary monetary policy shock for the over-identified
benchmark, normalised to a 100 basis point movement in the Federal Funds rate.

prone to producing puzzling responses. In particular, all high frequency instruments produce puz-
zling responses in the key variables of earnings, orders, employment, inventories, consumer credit,
and crucially industrial production. Although these responses are not statistically significantly
different from zero, the point estimates are still broadly incompatible with the macroeconomic con-
sensus as summarised by Christiano et al. (1998). On the other hand, we find that high frequency
instruments tend to alleviate, and, in some cases, eliminate price puzzles altogether. Of these, it
is noteworthy that the Gertler and Karadi (2015) instrument tends to produce the largest puzzles
in real activity and prices, a phenomenon that Miranda-Agrippino and Ricco (2021) attribute to
omitted information effects and alleviate via their instrument. These results are not entirely surpris-
ing; as noted by Ramey (2016), these popular instrument variables are unstable and can produce

puzzling responses to prices and real variables.
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Figure 2: Cumulative IRFs after a contractionary monetary policy shock for the over-identified
benchmark (solid curve), and just identified setups each using one instrument at a time, normalised
to a 100 basis point movement in the Federal Funds rate.

Evidently, the responses identified by each instrument have their distinct advantages and dis-
advantages, which, in practice, make economic reconciliation difficult. Thus, the comparison in

Figure 2 shows that the proposed overidentification scheme is able to automatically leverage the

respective advantages of each instrument, and produce, overall, more reasonable responses.

Which Monetary Policy Instruments are Valid?

Testing the exogeneity and therefore validity of the instruments has so far been largely unresolved
in the literature, but can be addressed with the J-test and automatic moment selection criteria we
propose. Table 6 presents the results of J-test for joint exogeneity of instruments and automatic
moment selection criteria. Across all overidentified specifications, we fail to reject the J-test. Cor-

respondingly, all three model selection criteria are minimised when all five instruments are used;
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the downwards testing estimator consequently selects all five instruments.
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Ge

GMMpic GMMpyqrc Jr Jerit RRO4 GK15 MR21 BM98 BK13

-8.573 -5.502 0.638 5.991 TRUE TRUE FALSE FALSE FALSE
-8.824 -5.753 0.386 5.991 TRUE FALSE TRUE FALSE FALSE
-8.836 -5.765 0.375 5.991 FALSE TRUE TRUE FALSE FALSE
-15.285 -9.143 3.135 9.488 TRUE TRUE TRUE FALSE FALSE
-9.200 -6.129 0.011 5.991 TRUE FALSE FALSE TRUE FALSE
-8.760 -5.689 0.451 5.991 FALSE TRUE FALSE TRUE FALSE
-17.766 -11.623 0.655 9.488 TRUE TRUE FALSE TRUE FALSE
-8.878 -5.807 0.333 5.991 FALSE FALSE TRUE TRUE FALSE
-18.035 -11.893 0.386 9.488 TRUE FALSE TRUE TRUE FALSE
-15.953 -9.810 2.468 9.488 FALSE TRUE TRUE TRUE FALSE
-23.846 -14.633 3.785 12.592 TRUE TRUE TRUE TRUE FALSE
-4.998 -1.927 4.212 5.991 TRUE FALSE FALSE FALSE TRUE
-5.783 -2.712 3.427 5.991 FALSE TRUE FALSE FALSE TRUE
-14.073 -7.930 4.348 9.488 TRUE TRUE FALSE FALSE TRUE
-8.450 -5.379 0.761 5.991 FALSE FALSE TRUE FALSE TRUE
-13.764 -7.622 4.656 9.488 TRUE FALSE TRUE FALSE TRUE
-14.377 -8.235 4.043 9.488 FALSE TRUE TRUE FALSE TRUE
-20.511 -11.298 7.120 12.592 TRUE TRUE TRUE FALSE TRUE
-5.826 -2.754 3.385 5.991 FALSE FALSE FALSE TRUE TRUE
-14.060 -7.918 4.360 9.488 TRUE FALSE FALSE TRUE TRUE
-14.155 -8.012 4.266 9.488 FALSE TRUE FALSE TRUE TRUE
-23.035 -13.822 4.596 12.592 TRUE TRUE FALSE TRUE TRUE
-14.780 -8.637 3.641 9.488 FALSE FALSE TRUE TRUE TRUE
-23.044 -13.830 4.587 12.592 TRUE FALSE TRUE TRUE TRUE
-21.320 -12.107 6.311 12.592 FALSE TRUE TRUE TRUE TRUE
-28.955 -16.670 7.887 15.507 TRUE TRUE TRUE TRUE TRUE
Note:

RR04, GK15, MR21, BM98, and BC13 refer to the external instruments of Romer and Romer (2004),
Gertler and Karadi (2015), Miranda-Agrippino and Rossi (2021), Bernanke and Mihov (1998), and
Barakchian and Crowe (2013)

Table 6: Results of J-test for Overidentification and GM M;sc Criteria.



Is Using More Instruments Better?

Given the evidence that all monetary policy instruments are jointly valid, we next investigate the
efficiency gains from using more than one instrument. We do this by estimating and comparing the
asymptotic variances of the IRFs. Table 7 reports the ratios of the asymptotic standard deviations
of the estimated IRFs under the just-identified IRFs obtained by using one instrument compared
to the benchmark model overidentified using all instruments; a ratio greater than one means that
the overidentified model provides a more efficient estimate. Not all ratios are greater than one, so
we additionally compute the means of the ratios to see if overidentification can lead to efficiency
gains on average. On average, the benchmark model that uses all instruments tends to produce
more efficient estimated for both zero and nonzero horizons compared to all instruments, with the
notable exception of Gertler and Karadi (2015). However, although the relative efficiency of the
responses of this instrument are on average lower, its behaviour can be quite erratic across different
horizons even for the same variable. Therefore, we conclude that the overidentified scheme provides

an ideal trade-off between producing the most reasonable impulse responses, and efficiency.
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Instrument Series 0 1 2 3 4
IP: Total index 13.469  15.811  12.019  10.952  8.082
Commod: Spot Price 2.192 12.585 7.305 2.023 3.937
CPI 6.216 6.830 2.954 3.994 3.918
) FedFunds 7.750 14.087  13.601  14.745  14.167
Barakchian and Crowe (2013) S&P 500 11.052  5.487  2.460  3.784  2.429
Ex rate: Japan 1.301 9.709 5.268 11.549 13.178
Consumption 11.975 5.316 2.344 4.717 1.762
Mean 7.553 8.720 7.585 7.201 8.007
IP: Total index 27.201  26.339  21.741  25.927  21.605
Commod: Spot Price  32.133  22.162  18.692 21.629  19.736
CPI 20.598  18.303  21.087  17.794  14.360
) FedFunds 28.214  23.022  22.871  22.970  22.277
Bernanke and Mihov (1998) S&P 500 26.318  14.397  38.714  15.720  22.038
Ex rate: Japan 22.969  18.982  31.212  21.465  22.962
Consumption 21.169  15.815  15.703  14.187  12.970
Mean 22.756  20.545  21.151  19.861  19.043
IP: Total index 1.048 1.012 0.815 1.355 0.990
Commod: Spot Price 1.495 1.112 0.708 0.940 0.895
CPI 0.529 0.653 0.826 0.620 0.530
) FedFunds 0.937 0.982 0.952 1.011 1.141
Gertler and Karadi (2015) S&P 500 1.473 0.606 1.780 0.645 0.844
Ex rate: Japan 1.027 0.693 1.312 0.759 0.840
Consumption 0.901 0.578 0.703 0.574 0.555
Mean 0.925 0.835 0.837 0.827 0.811
IP: Total index 5.555 2.558 2.057 12.454 8.651
Commod: Spot Price 15.735 8.226 3.382 9.605 6.929
CPI1 3.589 3.379 7.183 5.169 2.358
) o . FedFunds 8.710 2.295 2.349 4.850 6.428
Miranda-Agrippino and Rossi (2021)  g¢p 500 13.762  1.413 19.213  4.447 8.660
Ex rate: Japan 10.731  1.790 12.743  2.236 2.181
Consumption 3.248 2.834 5.699 2.977 1.641
Mean 6.720 4.188 5.039 5.385 4.288
IP: Total index 3.501 3.458 2.974 3.350 2.889
Commod: Spot Price  3.748 2.708 2.813 2.733 2.617
CPI1 2.374 2.507 2.605 2.542 2.227
FedFunds 3.143 3.111 3.161 3.080 3.143
Romer and Romer (2004) S&P 500 3.325 2.234 4.387 2.499 2.535
Ex rate: Japan 3.117 2.443 3.512 2.621 3.075
Consumption 3.105 2.249 2.553 2.277 2.063
Mean 2.956 2.765 2.821 2.733 2.638

Table 7: Ratios of Asymptotic Standard Deviations of Estimated Impulse Response Functions:
Just Identified / Over-identified.
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6 Conclusion

This paper develops new estimators for the impulse response functions in structural factor models
under overidentifying restrictions by using multiple external instruments. Compared with a typi-
cal SVAR-IV approach, our framework is able to simultaneously address the challenging issues of
nonfundamentalness, covariance singularity, and validity testing of identification restrictions, any
of which can prevent the practitioner from recovering the true impulse responses. We establish the
asymptotic distributions of the new estimators, and develop test statistics for the joint validity of in-
struments, and a downwards testing procedure which automatically selects the correct instruments.
Our simulation study confirms that the estimated impulse response functions are more accurate
than structural factor models that only use one instrument at a time, and the pre-existing SVAR-
IV approach, as well as the finite sample properties of the proposed validity tests and moment
selection criteria. We apply the framework to identify and estimate the impacts of a contractionary
monetary policy shock on a large quarterly U.S. macroeconomic dataset using five commonly used
instruments, including narrative-based measures, model-based measures, and monetary surprises
identified with high(er) frequency data. We find that, although all of these instruments are jointly
valid, using these instruments one by one as is commonly done in the literature can nevertheless pro-
duce puzzling and highly inaccurate responses. Instead, our proposed framework that jointly uses

all instruments is able to produce responses which are overall more reasonable, and more accurate.
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A  Proofs

A.1 Preliminary

Lemma 1. Under Assumptions 1 to 4,

o) L|E - HEE| =0, (zleT) wnd 1|7, - HEF| = 0, <1)

(SNT
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b) Ve B Vi, where Vi is the diagonal matrixz consisting of the eigenvalues of XY in descending

order.
¢) Hp and Hx are O, (1) and nonsingular.
Proof of Lemma 1.

a) The first equation is the same as Lemma A1l of Bai (2003). The second equation holds by

definition of Hz and the first equation.

b) This is Lemma A3 of Bai (2003).

~

F

c) |Hr| < ATAHHVF H = (1) by Assumptions 1 and 2 and Lemma 1. The

T

matrices Hp and Hzx are nonsingular by Lemma A2 of Han and Inoue (2015).

Lemma 2. Under Assumptions 1 to 6,

0) £ ST (Fo— HER)(F ean) = Oy (5 ) for i = 1.0, N,

f%n} —0, ((leT)

b) #+(F = FHg)"

Proof of Lemma 2.

Lemmas B.1 and B.2 of Bai (2003 1mply T — HLE)(F ey) = O - for i =
t=1 t p\3

1,...,N. Lemma 2 a) of Han (2018) shows that 4 >, (F, — HLFy)n, = O, (1 :

b) This is the same as Lemma 2 b) of Han (2018).

2
Lemma 3. Under Assumptions 1 to 6, %ZtT:pH Hﬁt — HnTntH =0, (521 >
NT

Proof of Lemma 3. Let S; = 10T +e, Sy = —Pf(n@T +e)+ MJ?]:HT, S1: be the transpose of the

tth row of S1 and Sy be the transpose of the tth row of S;. By eigen-identity, we have

1

N (nOTeT +eOn" +ee” +815] + 58] + 5S) iV, (A.1)

ﬁ_an
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where 127 denotes the diagonal matrix consisting of the first q eigenvalues of XXT /NT in descending

order. Hence, we obtain

My — HnTnt = TN‘A/n n' <€€t + 70 e, + eOn; + S2S1; + 515 + 5252t) (A.2)

It is sufficient to show that

;Hcltu%op(é;) for 1=1,....4,

The proof of + >/, lex|” = O, (1> is the same as the proof of Theorem 1 in Bai and Ng (2002).
Note that, since FTX = 0, F' n = ﬁﬁTj(\)/(\rﬁ\Zl_l = 0, implying that ﬁTPf = 0 and
ﬁTM’\ — 7/7\T‘

We have the following identities for the terms TNn 15557, TNn 15159, and 77 15559,

TN” 75,8y, = TIN =Pz (nO®" +e) + MzFI'| (O + ¢)
= o IO+ =<0 Fl e,
= Cs¢ 1 Cét,
i S = i (0T o) [ (en” + ) F(FF) Fovn (- FR(FE) R

= C7t + Cgt + Cg¢ + Ciot + Cr1¢ + Ci2t,
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where

_ I v TaT2(2T2\" ! 2
1 =~ 10 O F(F'F) 7

- I 1 1 1a/a21a\ 12
Cse =~ 10 F(FIF) O F

1 -
co = 7 O 11 | F, - F (FTF) 1]—}] ,

TN
I P SV o o
ClOt——ﬁU eOn «7'_(]: «7:) Fi,

1 POy RN
Cl1r = —ﬁnTeeT]—" (]:T]:) Fi,

Ci2t = TlNﬁTeH Fi—-F (ﬁTﬁ)_l ]?t] ,
P S8 = g P [ (o0 4T F(FF) R (7 F(FT7) 7]

= C13t + C14¢t + Ci5t

- Il o TaTa/aTa\ ! 2
Cl3t—_ﬁ7] FII On ]:(]: -7:) Fi,
1 ~fmr =1~
Clat = —W’UTFHTQTF (JT"TF> f-t,
s = i FIT T F, — 7 (FTF) 7.
TN

Han (2018) proves that + >/, lexll> = O, (521> for I = 5,...,15. These quantities are used in
NT

subsequent proofs, so are provided here for convenience. [ |

Lemma 4. Under Assumptions 1 to 6,

9

i

(1 —nH,) 'n=0, (6?@)

b) +(—nH,)"Z =0, (521>, and

el

) Hy = H'S1 40, ().

n

Lemma 5. Under Assumptions 1 to 6, %Z;‘le Hcht||2 =0, <52l> forl=1,2,3,4,5,6,8,10,11,12,13, 14
NT

and 15 where each ¢y are defined in the proof of Lemma 3.
Proof of Lemma 4. Recall that 7, — HnTnt = 1777_1 15, e, so it suffices to prove that %Zle cune =

0, <5]2V1T) for Lemma 4 (a) and %Zthl cZy = O, < ! ) for Lemma 4 (b), where [ = 1,...,15.

2
5NT
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Lemma 4 (a) has been proven by Han (2018), so we focus on Lemma 4 (b), which can be proven

similarly. By the CS-inequality, for [ = 1,2, 3,4,5,8,10 — 15, we have

1 T 1 2 1
HTZchzf < (Sl 121) =0, (5. (A3)
t=1 t=1 t=1 NT

where £ Y/ lexll> = O, < ) for 1 =1,2,3,4,5,6,8,10 — 15 by Lemma 5. Thus, it remains to
prove that + >/, cuZ, = O, (62 > for | =3,7,09.

The term 7 Y/ ¢3:Z," can be bounded by 7+7 7O e,

1T T
~ N eu 2T <HAT A
1
< [l £ 3wt - 0 (7).
7 325 | =0 (7
Next, the term %ZtT:l C7tZtT can be rewritten as
1 ineten F (FTF\ 1 & 2
fZC”ZtT:_% N nT T 72T
t=1 t=1

1\1X4L -
—o,(;L) v A
Tt:l

5NT

1
—0,(—].
(%)

Finally, the term %ZtT:l cotZ, can be expressed as

n@T

T
3|7 z

t=1

TE(FTE) A

N T
T . FT—HIFOF (FTF\
ZH "(HEFR - F) 2! +Op<1>H;T( ) <fo>

Ti=
(%)
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Proof of Lemma 4 (c). Lemmas 4 (a) and 3 imply that

i —Hn"nH, (7—nH,)" (G-nH,)+ @G —nH,)" nH,+ Hn" (7 —nH,)

T—p T—p
1
=0, —|.
()

Thus,

("% = Hyn"nH,) _ HnnH,
T—p 1 T—p

1
= (5)

Next, n'n/(T — p) = X, by Assumption 8, which means
H —H's "+ 0,
=y O )

! O

A.2 Main Proofs

Proof of Theorem 1. Applying the formula for 8, we have

VT (5-68) = (ArWrAL) ' AeWiGr — VT5

= (AW AL) AW
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where

1 &
AT:Iq71® (_ Z nltZtT)7

t=p+1

B =

%\H

t=p+1 t=1

T T
— - q_ n
> u®Z (I =Dy Zﬂht5>]

T
Z N1t — 671t) ® Zy

[l
=

5= 3\
HM%

_I_

(Ss1) @ (Zy — pz) -

t 1

P

We need to study the asymptotic distributions of Ar and B. For B, decompose it into B = By + By,

where

B

B, = (SaH,,Tm) ® (Z — pz),

t=1

By =

3= 5
M=

[SE (ﬁt - H,;rnt)} ® (Zy — pz) -

t=1

For Bi, note that F [S(;HJ m (2 — MZ)} = 0 following the moment condition for the estimation
of & and E(H, ;) = H, E(n) = 0. It follows that
1 T

Bi=—= Y {(SsH,m) @ (Z — pz) — E|(SsH,m) @ (Z — 1z)] }

t=p+1

:(S(;H,]T@@Ik){\/— S e (Z, - uz)—E[nt®(Zt—Mz)]}

=p+1

= (SsH, ® Iy) \/1:7 vee (27— E(Z"n))

%N(quxl,(SgH © 1) 20 (SsH] © 1) )
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To study B,, rewrite it as

[Sa (ﬁt - Hgm)} ® (2 — pz) vec (1)

< — 1z (7 - HnTm)TSa>
= vec (&(z )" (=) ;)
0, <ﬁ> (A4)

2
5NT

ﬂ\ 3\
- ] I

where the last equality follows because Z (n—nH,) =0, ((521) Therefore, B, is asymptotically
NT

negligible.

To study the limit of Ar, we have

where S; = [1,01(4-1)], and ﬁ Yt (ﬁu - (H,]Tr])lt) 7 B 0 using similar arguments used in

the proof of By. Therefore,
Ar 5 A=1,1® S H E(nZ,). (A.5)

The weighting matrix W is a full rank matrix and thus invertible. The optimal choice of the
weighting matrix follows from standard arguments for GMM estimators.

Collecting the results yields the following distribution as required:

VT (5-6) 5 (AWAT) " aws,

4 (AWAT) T AWN (okqxl, (SsH, @ It) 5V (SsH, @ ]k)T> ,

where A = I,y ® SiH,) E(n,Z]"), and 251) is the upper left block of ;. [
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Proof of Proposition 1. By definition,

N 1 XT:
G=— Eyny
T pt=p+1
= ! Z HF]*jt?h‘i‘L Z (Ft H;Ft) (ﬁt—HnTm)T
T Py =p+1 T - Py t=p+1
1 d T T
+ — (Ft—H Fo)n, H
T _ pt Z, F ¢ L1y
1 Z (HF(I)H]:TH]:]:t 1nt+HFG77tnt)+O ( 1 )
T pt p+1 6]2VT
1 1
=7 Z <HT<I>HJT HyF 1+ Hp GntntTH)—l—O (5 ) (A.6)
Y

Recall that n"n/(T — p) & %,. By the fact that FT7j =0, we have

~ 1 ~ 1

 HLOHZ' (FHF — F)" (7 — nH,) + (f Hy — F)"nH,)

T—p
1
_0(5)

n
Proof of Proposition 2. Recall that 6; = GT ). Therefore,
_ T
VTO; = VT (H,S,G HEN) + Oy {
5NT
T -1 T \/_ 1 \/T
= (H,,GTHpHE' ) + (H,2,GTHe ) VT (N = He'Ai) + 0, .
) VT
—1,~T
VT (6; - H,'0:) = (H,'GTHp) VT (A = Hi'\i) + 0, ((%T .
m

Proof of Proposition 3 (a).
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For the estimator ay, its distribution is based on the distribution of 5. By definition, we have

AW(SsH, & Ik)\/lf vec (ZTn — E(ZTU)) :

which follows from Theorem 1 (a).

For the OLS estimator of the factor loadings A;, Bai (2003) shows that
Ni— Hp'hi= —HLF e, + 0, <> : (A7)

For the estimators ® and ¥, Han (2018) shows that

= HIFTFHZ\ ' TSL FT
VT vec (87 — H7'® Hyp) = |HIG ® (féf_ff) H;] x fzt—gjl_ vee(Fy )
p p
T
vo,(YE)
5NT
VT vec (\TIST - H;llll;rHF) = R,VT vec (@T - H]T-1<I>THF) + 0,(1), (A.8)

where R, = §:1 (ﬁ;lﬂj_lfIET ® [H;T\Ilz_jﬁp, F[;T\IJT Hp,... ,HET\I/T HF]) with ¥y =

s—j—1 s—j—p+1
I, and ¥y = 0,., for s < 0, which follows by (11.7.1) to (11.7.5) of Hamilton (2020).

Combining the above gives

iy —at vee (270 — E(Z"n))
~ 1
ﬁ )\Z —[{El)\Z = Bsﬁ FTGZ‘ +OP<1)
vec (\T/T - HEI\IITHF) vec(Fn)
|
Proof of Proposition 3 (b). This is directly implied by Proposition 3 (a). |
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Proof of Theorem 2 (a). By adding and subtracting terms, we have

Il
3
=

" (@—H,a) + VT (0] — 6] H,') H) ax

a, —al)+VTa! H, ( Hn_lé’i) +0,(1)

|
3
;\J

— {@T[Iq Ogxr] + af HyH "G T Hp[0p g1 ]} VT

Because 6, is an estimate of A H,~ T, taking the probability limit and applying Proposition 3 (b)

(2

yields the result. u

Proof of Theorem 2 (b). By adding and subtracting terms, we have the following asymptotic ex-

pansion

VT (N W.Gay — N Hy "HE W HE TGS, HyH'S, ay)
= VTN WG (@ - a}) + VTa] GTHpU] (X = Hp'\)
+VTH A (U, = HiW.H; ") H.Gaj + 0,(1)
= VINYG (@ — af) + VTa; GTHpU[ (N — Hp'\)
+ ()\Z-THI;T ® aTTGTHF> VT vec (\TJS - H;\IJSH;T) +0,(1)
[AT\IJ GL,0per Ogrerz] + TG Hp B[00, 10, r2] (A.9)
&1 — CL?<
+ ()JH; ) ( TgTHF) [0,25g:0p25 5] 2]] VT N o— Hilh + 0,(1).

vec (W] — H '] Hy)

Hence, we have

VT (N 0,Gay = N W,Gar) 5 N (0,Q0,:B,%:B[ Q1) .
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where
Qi = N UGS, H,Cs + ol GTU HpCy + (N Hy " ® af GTHp) Cs,

and C5 = [I;:04x,:04%,2], Cs = [0rxgil;:0,5,2] and Cs = [0,254:0,25,:1,2]. Applying the distribution

in Proposition 3 (a) yields the result. |

Proof of Theorem 3 (a). The proof follows standard methods for proving overidentification tests.

Note that, the sample moment condition, derivative, and first order condition are respectively

1 T
Or=—+—— N_1t ® Zy) , A.10
L S P TED (A.10)
1 T
Apr = [q—l ® Ti Z ﬁltZtT ) (A'll)
-p t=p+1
ArWrGr = 0. (A.12)

Let 0 denote a GMM estimator obtained with an optimal weight matrix Wy, i.e. Wy & W, which

is BRWBT. Expand the moment condition about Gr(d) to obtain
Gr(9) = Gr(8) + Ar(6") (5 = ) + o||d — 4| (A.13)
where [|6* — J]| < Hg -9 H Substituting this back into the first order condition yields

Ar(8) Wi '6" (86 = 6) = —Ar(3) " Wr'Gr ()

~ ~T -1 ~
(5-06) = (AT (3) WA (5*)) Ar(§) WG (6).
Substituting this back into the Taylor expansion gives

Gr (3) = Gr (9) + Az (") (0 = 6) + 0,(1)
= Gr(6) — Ar (5°) (Ar (5) Wi Ar (5*))1 Az (8) WG (5)

_ <[ A (5%) (Ar () Wit Ar () Ar (5)] WTl) G ().
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Because Ar (3) B Ap(0), Ap (6%) B Ap(8) by the proof of Theorem 1 (a), and Wy 5 W, the

Cramer-Wold device and Slutsky’s Theorem yield
VTWY2G, (g) N (I iy (ATW—1A>_1ATW—1/2) 7

where Zy = VTW=12G (§) % Z ~ N(0,I). It follows that by recognising that plim ‘TQT((S) — Z;ZT‘ =
0,

~ —1
7O, (3) 4 27 <1 — WA (AT A) ATW—I/Q) Z = e

Proof of Theorem 3 (b) and Theorem 3 (c).

These follow the Proofs of Theorem 1 and 2 of Andrews (1999), respectively. [
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B Additional Simulation Results

T N h k=1 k=2 k=3 k=4
0 0.919 0.897 0.889 0.881

1 0.931 0.917 0.909 0.903

2 0.950 0.942 0.939 0.935

125 3 0.954 0.949 0.947 0.944

6 0.941 0.938 0.938 0.935

9 0.936 0.931 0.929 0.926

250 12 0.929 0.925 0.924 0.922
0 0.920 0.904 0.895 0.888

1 0.937 0.924 0.916 0.911

2 0.953 0.946 0.941 0.938

250 3 0.954 0.949 0.945 0.944

6 0.939 0.935 0.932 0.931

9 0.934 0.927 0.925 0.923

12 0.931 0.925 0.921 0.919

0 0.903 0.890 0.883 0.880

1 0.912 0.901 0.892 0.887

2 0.943 0.938 0.934 0.932

125 3 0.946 0.943 0.941 0.940

6 0.940 0.937 0.934 0.934

9 0.931 0.926 0.924 0.923

500 12 0.918 0.915 0.913 0.913
0 0.909 0.898 0.892 0.889

1 0.928 0.922 0.917 0.915

2 0.947 0.943 0.941 0.940

250 3 0.948 0.945 0.943 0.942

6 0.939 0.935 0.933 0.932

9 0.926 0.923 0.919 0.918

12 0.916 0.913 0.911 0.910

Note:

Entries report the coverage rate of the IRFs using the
proposed asymptotic distributions (nominal 95%).

Table 8: Coverage Probabilities

T N h k=2 k=3 k=4 SVAR-IV (k = 4)
0 0.945 0.926 0.919 1.962
1 0.980 0.968 0.962 4.299
2 0.994 0.987 0.982 2.476
125 3 1.001 1.007 1.008 1.625
6 1.010 1.021 1.021 1.157
9 1.014 1.028 1.026 1.627
250 12 1.025 1.038 1.039 2.116
0 0.949 0.928 0.911 2.006
1 0.975 0.959 0.943 4.236
2 1.000 0.990 0.981 2.439
250 3 0.998 0.986 0.978 1.520
6 1.024 1.010 1.010 1.126
9 1.026 1.021 1.017 1.570
12 1.031 1.026 1.029 2.024
0 0.961 0.938 0.925 2.020
1 0.974 0.963 0.953 5.802
2 0.989 0.987 0.984 3.285
125 3 1.000 1.000 0.996 1.927
6 1.020 1.027 1.017 1.357
9 1.019 1.021 1.013 2.110
500 12 1.022 1.024 1.019 2.878
0 0.961 0.948 0.936 2.063
1 0.984 0.975 0.969 6.064
2 0.989 0.988 0.984 3.195
250 3 1.001 1.004 1.003 1.823
6 1.020 1.022 1.020 1.379
9 1.017 1.022 1.018 2.171
12 1.016 1.021 1.020 2.955
Note:

Entries report the RMSE ratios of the estimated IRFs of the overi-
dentified system to the just-identified system.

Table 9: RMSE ratios
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